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2 = g mod m are there?

Question: If m is compoosite, how many solutions to x
Assume m odd (for simplicity).

By CRT if m = mymsy, my, my coprime, then # of sols to 22 = a mod m = product of the # of
sols for my and m..

Reduced to the case m = p* (assume p odd).

Claim: If x; is a solution to 2% = a mod p’ (j > 1)

There is a unique x;;; mod p/** solving 2% = a mod p’ !

Proof of claim: a:2 = a mod p’ so let xj a+ Ap? mod p’*! such that 27! = z; mod p?

Let us ask for a condition of p (0 < p < p) such that (x; + pp?)? is a solution to 2* = a mod p/**
x]2~+2upj+upj a4+ \p? + 2up’ mod p*t

Need (A + 2u)p’ = modp’™! or A+ 2 = 0 mod p

There is a unique g mod p. Therefore, there is a unique x; + 1 mod p/**

Hensel’'s Lemma: If f(z) = 2" + a,_12"' + ... + ao has a root f(z;) = 0 mod p’ AND f/(z,) #
0 mod p = x;;1 mod p' ™ such that z;41 = 2; mod p/ and f(z;11) = 0 mod p/**

Proposition: (%) =1lifp=+1mod8, —1if p=+3 mod8

Proof:

(%) = (—=1)", n = #of2,4,...2(52) (ie. 2,4,. ,p—l) whose least res. modp is > £

=#ofiin 1,2, .. —suchthat22>2,4<7,< Jle. B<i< B Son=[8]—[%]

Observe that the parlty of [£] — [£] only depends on k mod 8.

k=1mod8 — [3]—[3] =0k =3mod8 — [3]-[3] =1k =5mod8 — 2] - [2] =1
k=Tmod8 — [I] — [f] =2

Conclusion: n is odd if p =3 or 5 mod 8, even if p=1 or 7 mod 8

Call this x (k). It’s a Dirichlet character: x(ab) = x(a)x(b)

Given any a 3 a Dirichlet character y, such that (%) = Xa(p) for odd primes p.
m=3_8ifa=2

x(c+m) = x(c)

x(c) = x()x(b)

x(c) = 0if (m,c) =1

Consider the primes 37747 and 17729.
(17729 — (37T47) (hecause 17729 = 1 mod 4) (229 (37747 = 2289 mod 17729)

377473 17729 17729
= ( 17729 ( 17729 ) ( 17729)




= (122)(F22)(H522) (due to = 1 above again)

= (3)(2)(555)

- Caj=iiy

(=1 ()= (=)= )

() =) =) =GDER) =G =—(5)=-(H)H) =-D0=(5) =-(F)=-(3) =
~(H=-(h=1

Thus, 3z s.t. 2% = 17729 mod 37747

Jacobi Symbol: defined for (£), p, ¢ odd, coprime (else (p,q) > 1= (£) =1)
If g is prime, it is the Legendre symbol.

It has some of these properties:

P2y _ (PLY(P2 P\ _ (P\(P

(B22) = (B)(2), (;B) = (5)(E)
p1 = pamod g = (B)(2)
(2) = ( ) where the sign is + if p=1mod 4 or ¢ = 1 mod 4, — if p = ¢ = 3 mod 4
(
Big difference: If ¢ is not prime, (g) does not detect whether p is a Q.R. modp
(2)=(3)@) = (-1 =1
But 2 is not a Q.R. mod15 (nor 3, 5).
Definition: If we factor @) into odd primes, () = q;...q,

(5) = H<q£) (Legendre symbols)

Proposmon (51) = (—1)% (1if @ =1mod4, —1if Q@ =3 mod4)
(2)=(-1)%" (=1 Q=*1mod8, ~1if Q = £3 mod 8)

Proof: Define y4(a) = 1if a = +£1 mod 4, —1 if a = +3 mod 4,
xs(a) =1if a = +1 mod 8, —1 if a = £3 mod 8

x4(a) = xs(a) =0 if a is even.

Both are multiplicative.

@) =10 = e = [T o) =

(B)(9) = (-1)TF =xu)T =xal0)'T
Def M(a,b) = (—1)p21 = (M(a,b) = 0 if either argument is even)

M is bilinear. In this context, this means M (ajas,b) = M(ay,b)M (as,b) (same over second arg)
Can check cases b =1 (M (ajaz) = 1M (ay,b)M (as,b)), b =3 (use x4)
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) as before

Theorem: If p and q are odd, coprime, (£)(1) = M(P,Q)
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P9 =" " HM o =H (i ] [ 05) = Hpquy
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